Barrier cuts and 2-separation cuts are two familiar types of tight cuts in matching covered graphs, see Lovász ([6], 1987). We refer to these two types of tight cuts as ELP-cuts. A fundamental result of matching theory, due to Edmonds, Lovász, and Pulleyblank ([5], 1982) states that if a matching covered graph has a nontrivial tight cut, then it also has a nontrivial ELP-cut. Their proof of this result was based on linear programming techniques. An easier and purely graph theoretical proof was given by Szigeti ([8], 2002). This note is inspired by Szigeti's paper. Using properties of barriers in matchable graphs, which we call Dulmage-Mendelsohn barriers, we give an alternative proof of the Edmonds-Lovász-Pulleyblank (ELP) Theorem.
Introduction
All the graphs considered in this paper are loopless. Graph theoretical terminology and notion we use, not surprisingly, is essentially that of Bondy and Murty [1] . For the terminology that is specific to matching covered graphs, we follow Lovász [6] .
We denote the number of odd components of a graph G by o(G). Tutte established the following characterization of graphs which have a perfect matching ( [9] , 1947):
(Tutte's Theorem) A graph G has a perfect matching if and only if o(G − S) ≤ |S|,
for every subset S of V (G). ✷ An edge of a graph is admissible if there is a perfect matching of the graph which contains it. A nontrivial graph is matchable if it has at least one perfect matching, and is matching covered if it is connected and each of its edges is admissible.
Tight cuts
For any subset X of the set of vertices of a graph G, the set of all edges of G with exactly one end in X is denoted by ∂(X), and is referred to as a cut of G. If G is connected and C := ∂(X) = ∂(Y ), then either Y = X or Y = X := V \ X; and we refer to X and X as the shores of C. A cut is trivial if either of its shores is a singleton. For any cut C := ∂(X) of a graph G, we denote the graph obtained from G by shrinking the shore X to a single vertex x by G/X → x, or simply by G/X if the name of the vertex to which X is shrunk is irrelevant. The two graphs G/X and G/X are referred to as the two C-contractions of G.
Let G be a matching covered graph. A cut C := ∂(X) of G is tight if |C ∩ M| = 1, for every perfect matching M of G. The significance of this notion is that if C is a tight cut of G, then both the C-contractions G/X and G/X are also matching covered. If C is nontrivial, then both the C-contractions are strictly smaller than G.
A matching covered graph which is free of nontrivial tight cuts is a brace if it is bipartite, and a brick if it is nonbipartite. An important result due to Lovász [6] states that, given any matching covered graph, by means of tight-cut-contractions with respect to nontrivial tight cuts, one may obtain a list of bricks and braces and, more significantly, any two applications of this decomposition procedure yield the same list of bricks and braces (up to multiple edges). In particular, any two decompositions of a matching covered graph G yield the same number of bricks.
ELP-cuts
A barrier in a matchable graph G is a subset B of V for which o(G−B) = |B|. For any barrier B of a matching covered graph G, and any odd component K of G−B, the cut ∂(V (K)) is tight in G; tight cuts in matching covered graphs which arise this way are known as barrier cuts (Figure 1(a) ). A pair {u, v} of two distinct vertices of a matching covered graph G is a 2-separation if {u, v} is not a barrier and G is the union of two nonempty graphs G 1 and G 2 whose vertex sets have precisely u and v in common. If G happens to have a 2-separation {u, v} as described above, then ∂(V (G 1 ) ∪ {u}) is a tight cut of G; tight cuts which arise in this manner are known as 2-separation cuts (Figure 1(b) ). We shall refer to barrier cuts and 2-separation cuts, collectively, as ELP-cuts.
In a bipartite matching covered graph every tight cut is (or may be viewed as) an ELP-cut. But a nonbipartite matching covered graph may have a tight cut which is not an ELP-cut. For example, the cut shown in Figure 1 
Properties of barriers
We record here the properties of barriers in matchable graphs which will be used in the proof of the main theorem. The following result may be established by a straightforward application of Tutte's Theorem 1.1.
1.2
Let u and v be any two vertices of a matchable graph G. Then the graph G − u − v is matchable if and only if there is no barrier of G which contains both u and v. ✷ A nontrivial graph G is bicritical if G − u − v has a perfect matching for any two distinct vertices u and v of G. The following two assertions are simple consequences of the above result.
1.3
An edge e = uv of a matchable graph G is admissible if and only if no barrier of G contains both u and v. ✷
A matchable graph is bicritical if and only if it is free of nontrivial barriers. ✷
A graph G is critical (factor-critical, hypomachable) if G − v is matchable for any v ∈ V . The result stated below may also be derived from Tutte's Theorem 1.1.
1.5
Let B denote a maximal barrier of a matchable graph G. Then, every component of G − B is odd and critical. ✷
The following assertion elucidates the connection between barriers and perfect matchings in a matchable graph.
1.6 Let G be a matchable graph, and let B denote a barrier of G. For any perfect matching M of G and any odd component K of G − B, matching M contains precisely one edge in ∂(V (K)). ✷
Cores of matchable graphs
Let G be a matchable graph, and let B denote a nonempty barrier of G.
The bipartite graph obtained from G by deleting the vertices in the even components of G − B, contracting every odd component to a single vertex, and deleting the edges with both ends in B, is denoted by H(B). We refer to this bipartite graph as the core of G with respect to the barrier B. The following property is a direct consequence of this definition.
1.7
Let B be any barrier of a matchable graph G.
, and for any perfect matching M of G, the set M ∩ E(H(B)) is a perfect matching of H(B). ✷
In our paper on Pfaffian orientations ( [3] , 2012), we were able to obtain several useful results by exploiting the relationship between a matchable graph and its core with respect to a chosen maximal barrier of the graph.
The Dulmage-Mendelsohn Barriers
One of the important tools we use in our proof of the ELP Theorem is a property of bipartite matchable graphs which is due to Dulmage and Mendelsohn [4] (also see [7] ). Now we use the Dulmage-Mendelsohn Decomposition to establish the existence of barriers in matchable graphs which satisfy two special properties. These properties were exploited by Szigeti [8] in his proof of the ELP theorem.
It can be shown that any barrier B of G satisfying properties DMB-1 and DMB-2 is a principal barrier corresponding to a Dulmage-Mendelsohn decomposition of the core with respect to some maximal barrier of G. For this reason we shall refer to a barrier B of G satisfying these two properties as a Dulmage-Mendelsohn barrier, or briefly as a DM-barrier of G. (DMbarriers are equivalent to Strong barriers used by Szigeti [8] .) The following results concerning DM-barriers summarize the above arguments.
2.2
Every maximal barrier of a matchable graph G contains a subset which is a DM-barrier of G.
2.3
Let B denote a DM-barrier of a matchable graph. Then, every edge e of the core H(B) with respect to B is admissible in G. ✷
A key lemma
The following assertion plays a crucial role in our proof of the ELP Theorem, where it is applied to derive properties of suitable subgraphs of a matching covered graph which are matchable but are not matching covered.
(Key Lemma)
Let G be a matchable graph, and let X be a nonempty proper subset of V (G) such that:
• both the subgraphs G[X] and G[X] are connected, and
• no edge in the cut ∂(X) is admissible in G.
Then G has a DM-barrier B which is a subset of X or of X. Furthermore, the vertex sets of all the odd components of G − B are also subsets of that same shore.
Proof: By hypothesis, G has perfect matchings but no edge of ∂(X) is admissible. It follows that the graphs G[X] and G[X] both have perfect matchings. Consider first the case in which ∂(X) is empty. Let B ⋆ be any maximal
is also a DM-barrier of G. The assertion holds in this case.
We may thus assume that ∂(X) is nonempty. Let e := uv denote an edge of ∂(X), where u ∈ X and v ∈ X. By hypothesis, e is not admissible. By (1.3), G has a barrier that contains both u and v. Let B ⋆ be a maximal barrier of G that contains both u and v. By (2.2), some subset B of B ⋆ is a DM-barrier of G.
Let us first show that if K is any odd component of G − B, then V (K) is a subset of one of the shores of the cut ∂(X). Suppose that this is not the case. Then, both V (K) ∩ X and V (K) ∩ X are nonempty. One of these sets has to be even and the other odd because V (K) is an odd set. Without loss of generality, assume that |V (K) ∩ X| is even. Since, by hypothesis, G[X] is connected, there is some edge, say e 1 , which joins a vertex in V (K) ∩ X to a vertex in B ∩ X. That edge e 1 , being an edge of the graph H(B), is admissible in G, by (2.3). Let M 1 be a perfect matching of G containing e 1 . Since K is an odd component of G − B, the edge e 1 is the only edge of
This implies that some edge with one end in V (K) ∩ X and one end in V (K) ∩ X is in M 1 . This is impossible because, by hypothesis, no edge in ∂(X) is admissible. We conclude that V (K) is a subset of one of the shores of ∂(X). Now observe that since B is a DM-barrier, graph H(B) is matching covered. Thus H(B) is connected and each of its edges is admissible in G. But by hypothesis, no edge of ∂(X) is admissible in G. It follows that B and the vertex sets of all the odd components of G − B are all subsets of one and the same shore of the cut ∂(X). ✷
Tight Cuts with Minimal Shores
Our main objective is to show that any matching covered graph G which has a nontrivial tight cut also has a nontrivial ELP-cut. As a first step towards the proof of this statement we show that any nontrivial tight cut of G with a minimal shore has certain special properties. We exploit these properties in the proof of the assertion stated above.
Lemma 3.1 ([8, Claims 25 and 26])
Let G be a matching covered graph which has nontrivial tight cuts, and let X be a minimal subset of V (G) such that the cut C := ∂(X) is nontrivial and tight. Then there exists an edge e := uv ∈ C, with u ∈ X and v ∈ X, such that both the subgraphs
As C is a tight cut of G, both G/X and G/X are matching covered. Furthermore, by the minimality of X, the graph G/X is free of nontrivial tight cuts.
Let us first show that C contains an edge e := uv, where v lies in X, such that G[X − v] is connected. The graph G/X, being matching covered, is 2-connected, and therefore the graph G[X] = (G/X) − x is connected. If G[X] happens to be 2-connected then G[X − v] would be connected, for every vertex v of X. We may thus assume that G[X] has two or more blocks. Then it has a block F that contains precisely one cut vertex, say w, of G[X]. Now, as G/X is 2-connected, it follows that F contains a vertex v, different from w, which is incident with an edge e = uv of C. As v ̸ = w, vertex v is not a cut vertex of G[X], and hence G[X − v] is connected (see Figure 3) .
To complete the proof, we now proceed to show that the graph G[X − u] is connected. For this, assume the contrary that G[X − u] is disconnected. As the graph G/X is matching covered, and
it follows that {u, x} is either a barrier or a 2-separation of G/X. But the ends of e in G/X are u and x. Moreover, as G/X is matching covered, the edge e is admissible in G/X. Consequently, {u, x} is not a barrier of G/X.
It follows that {u, x} is a 2-separation of G/X. Thus, G/X has nontrivial tight cuts, contradicting the minimality of X. This proves the assertion. ✷ 4 The ELP Theorem 4.1 (ELP Theorem) If a matching covered graph G has a nontrivial tight cut then it has a nontrivial ELP-cut.
Proof: Assume that G has nontrivial tight cuts. Every nontrivial tight cut in a bipartite graph is a barrier cut. We may thus assume that G is nonbipartite. Now, if B is a nontrivial barrier of G then G − B has a nontrivial component K and the cut ∂(K) is a barrier cut of G. Thus, in order to prove that G has a barrier cut, it is enough to prove that it has a nontrivial barrier. By Lemma 3.1, G has a nontrivial tight cut C := ∂(X) and an edge e := uv ∈ C such that u ∈ X, v ∈ X and the graphs G[X − u] and G[X − v] are both connected.
4.1.1
If v is the only neighbor of u in X and u is the only neighbor of v in X then G has a nontrivial barrier.
Graph G, a matching covered graph, has a perfect matching, say M, that contains edge e. Then M − e is a perfect matching of G ′ , and we deduce that G ′ has perfect matchings. Moreover, Figure 4 for an illustration). ✷
We may thus assume that either u has two or more neighbours in X, or that v has two or more neighbours in X. Adjust notation so that u has two or more neighbours in X. Let R := ∂(u) \ C. Now consider the graph G ′′ := G − R, together with the cut D := ∂(X − u) (see Figure 5 ). The rest of the analysis depends on where the vertex u is in relation to the barrier B ′′ .
The graphs G

If vertex u does not lie in either B
′′ or in the vertex set of one of the odd components of G ′′ − B ′′ , then G has a nontrivial barrier.
Proof: In this case, u is a vertex of some even component of G ′′ − B ′′ , whence B := B ′′ ∪ {u} is a nontrivial barrier of G ′′ . But G ′′ − B = G − B, therefore B is a nontrivial barrier of G. ✷ Suppose that u is either in B ′′ or in the vertex set of one of the odd components of G ′′ − B ′′ . Since u is in X + u, it follows that B ′′ and the vertex sets of all the odd components of G ′′ − B ′′ are subsets of X + u. We conclude that X − u is a subset of the vertex set of an even component, say L, of the graph G ′′ − B ′′ .
If vertex u lies in B
′′ then G has a nontrivial barrier.
Proof: In that case,
We may thus assume that u lies in some (odd) component K of G ′′ − B ′′ . Note that u is the only vertex in an odd component of G ′′ − B ′′ that is adjacent to vertices of X.
Barrier B
′′ of G ′′ is also a barrier of G.
′′ is a barrier of G (see Figure 6. ) 
If B
′′ is nontrivial then we are done. Assume thus that B ′′ is trivial. Vertex u lies in V (K) and has at least two neighbours in G ′′ . (This is the only reason for requiring u to have degree two or more in G ′′ .) Thus, at least one neighbour of u lies also in V (K), whence K is nontrivial. Let w denote the only vertex of B ′′ . The graph G −w −u has at least two components, one is a subgraph of K − u and another includes L. Thus, {u, w} is a nontrivial barrier or a 2-separation of G. The assertion holds. ✷
The ELP Theorem implies that if a nonbipartite matching covered graph is not a brick, then it is either not bicritical, or is not 3-connected. In other words, bricks are precisely the matching covered graphs which are 3-connected and bicritical.
A Conjecture
Two cuts C = ∂(X) and ∂(Y ) of a matching covered graph cross if each of the four sets X ∪ Y , X ∪ Y , X ∩ Y , and X ∩ Y is nonempty. Thus, if C and D do not cross, then one of the two shores of C is a subset of one of the two shores of D.
The ELP Theorem (4.1) says that any matching covered graph which has a nontrivial tight cut also has a nontrivial ELP-cut. In ( [2] , 2002) we were able to prove a stronger statement in a special case: if G is a brick and e is an edge of G such that G − e is matching covered with two bricks, then for every nontrivial tight cut C of G − e, the graph G − e has a nontrivial ELP-cut that does not cross C. (This was an important ingredient in our proof of a conjecture due to Lovász, presented in [2] .) We venture to conjecture that this is true for all matching covered graphs:
Conjecture 5.1 Let C be a nontrivial tight cut of a matching covered graph G. Then, G has an ELP-cut that does not cross C.
The above conjecture may be rephrased in terms of the following notion: a tight cut C of a matching covered graph G is essentially an ELP-cut of G if there is a sequence G 1 = G, G 2 , . . . , G r , r ≥ 1 of matching covered graphs, such that (i) for i = 1, 2, . . . , r − 1, G i has an ELP-cut, C i , and G i+1 is a C i -contraction of G i , and (ii) cut C is an ELP-cut of G r . (Trivially, every ELP-cut is an essentially ELP-cut.) It can be seen that Conjecture 5.1 is equivalent to the statement that every nontrivial tight cut of a matching covered graph is essentially an ELP-cut.
In support of Conjecture 5.1, we establish its validity for bicritical graphs and also for graphs with only two bricks. We shall make use of the following known facts about tight cuts.
5.2
Let G be a matching covered graph, and let C = ∂(X) be a tight cut of G. Then, both shores X and X of C induce connected graphs. ✷
5.3
Let G be a matching covered graph, and let C be a tight cut of G. Then both C-contractions are matching covered. Moreover, if G ′ is a C-contraction of G then a tight cut of G ′ is also a tight cut of G. Conversely, if a tight cut of G is a cut of G ′ then it is also tight in G ′ . ✷
([5])
Let G be a matching covered graph and let ∂(X) and ∂(Y ) be two tight cuts such that |X ∩ Y | is odd. Then ∂(X ∩ Y ) and ∂(X ∪ Y ) are also tight in G. Furthermore, no edge connects X ∩ Y to X ∩ Y .
([7]
) Let C be a 2-separation cut of a matching covered graph G. If G is bicritical then both C-contractions of G are bicritical. ✷
Validity of the conjecture for bicritical graphs
Theorem 5.6 Let G be a bicritical matching covered graph, and let C := ∂(X) be a nontrivial tight cut of G. Then, G has a 2-separation cut that does not cross C.
Proof: By induction on |V (G)|. As the graph G has nontrivial tight cuts, by the ELP Theorem 4.1, it has nontrivial ELP-cuts. Let D := ∂(Y ) be a nontrivial ELP-cut of G such that Y is minimal. Since G is bicritical, by the hypothesis, it cannot have nontrivial barrier cuts, and hence D is a 2-separation cut. Suppose that {u, v} is the 2-separation of G which gives rise to D, and adjust notion so that u ∈ Y , and v ∈ Y . If D does not cross C then we are done. We may thus assume that C and D cross. Adjust notation so that |X ∩ Y | is odd.
5.6.1
One of u and v lies in X, the other lies in X.
Proof: By (5.2), the subgraph G[X] of G induced by the shore X of C is connected. Thus, there is at least one edge joining a vertex in X ∩ Y to a vertex in X ∩ Y . Similarly, G[X] is connected and thus, there is at least one edge joining a vertex in X ∩ Y to a vertex in X ∩ Y . As the cut ∂(Y ) is a 2-separation cut associated with the 2-separation {u, v}, each edge of this cut is incident either with u or v. The desired conclusion follows. ✷
Graph
Proof: By (5.5), G ′ is bicritical. Let us now show that G ′ is 3-connected, and conclude that G ′ is a brick. For this, assume the contrary, let
′ . Consider first the case in which y does not lie in {v 1 , v 2 }. In that case, {v 1 , v 2 } is a 2-separation of G as well. Let K be a connected component
Thus, e is incident with v. This conclusion holds for each edge e of ∂(V (L)) that is not incident with v 1 . It follows that {v 1 , v} is a 2-separation of G. Thus, V (L) + v 1 is the shore of a 2-separation cut of G and a proper subset of Y , in contradiction to the minimality of Y . Thus, G ′ is a brick. ✷
The cut ∂(X ∩ Y ) is tight in G ′ , in turn a brick. Thus, X ∩ Y is a singleton, say {w}. Suppose that u ∈ X and v ∈ X. In this case,
is an odd component of G − {u, w}. It follows that {u, w} is a barrier of G. This is absurd because G is bicritical. Thus, we may suppose that u ∈ X and v ∈ X. In this case, u ∈ X ∩ Y , v ∈ X ∩ Y and w = u. By (5.4), {v, w} is a 2-separation of G, and the corresponding cut ∂((X ∩ Y ) ∪ {v}) is a 2-separation cut that does not cross C. ✷
Validity of the conjecture for graphs with at most two bricks
Theorem 5.7 Let G be a matching covered graph such that b(G) ≤ 2, and let C = ∂(X) be a nontrivial tight cut of G. Then, G has a nontrivial ELP-cut that does not cross C.
Proof: By induction on |V (G)|. If one of the C-contractions is bipartite then C is a barrier cut of G and we are done. We may thus assume that both C-contractions of G are nonbipartite. Let G 1 := G/X and let G 2 := G/X. Figure 7) . 2) , the subgraph G[X] induced by X is connected. This implies that y and i are adjacent. Thus, y lies in B ′ , in turn a nontrivial barrier. This is a contradiction. ✷ Cut C 2 is tight in G 2 , having G 21 and G 22 as its contractions. By (5.7.1), G 21 is not bipartite. As b(G 2 ) = 1, it follows that G 22 is bipartite. If U is not a singleton then ∂(U) is a barrier cut of G that does not cross C, and the assertion holds. We may thus assume that U is a singleton, say, U = {u}.
Suppose that G 11 is bipartite. If I is not a singleton then ∂(I) is a barrier cut of G that does not cross C, and the assertion holds. If I is a singleton then C is a 2-separation cut of G and, again, the assertion holds. We may thus assume that G 11 is not bipartite.
Cut C 1 is tight in H 1 , one of its contractions is G 11 , the other is G 21 . As
As C 1 is not a trivial tight cut in H 1 , then, by induction, H 1 has a nontrivial ELP-cut D 1 that does not cross C 1 . Let Y 1 be the shore of D 1 in H 1 that does not contain vertex y. Then, Y 1 is a shore of D 1 in G itself.
Either
Proof: As C 1 and D do not cross, it follows that, in G, D 1 has a shore that is disjoint with a shore of C 1 . In H 1 , the vertex y does not lie in Y 1 , whence, in G, Y is a subset of Y 1 ∩ I. Thus, at least one of the sets Y 1 ∩ I, Y 1 ∩ I and Y 1 ∩ I is empty. These imply, respectively, that I ⊆ Y 1 , Y 1 ⊆ I and Y 1 ⊆ I. In the latter case, as Y 1 is a subset of Y , it follows that 
In that case, D 1 and C do not cross. If v 2 is not y then {v 1 , v 2 } is a 2-separation of G and the assertion holds. We may thus assume that v 2 = y. Every edge of H 1 incident with Y 1 is either incident with v 1 or with y. As Y 1 ⊂ X ∩ Y , it follows that every edge of D 1 not incident with v 1 is incident in G with u, the only vertex of U. We conclude that D 1 is a 2-separation cut of G associated with the 2-separation {u, v 1 }. The assertion holds in this case.
Consider first the case in which v
′ is a subset of X. Thus, the cuts C and D ′ do not cross. In H 1 , every edge of ∂(Z ′ ) not incident with v 1 is incident with y. Thus, in G, every edge of ∂(Z ′ ) not incident with v 1 is incident with u, the only vertex of U. Thus, D ′ is a 2-separation cut of G that does not cross C. The assertion holds.
Suppose now that v 2 and y are distinct. Let R denote the set of edges of D 1 that, in G, join a vertex of I to a vertex of Y . In H 1 , the edges of R are incident with y. The vertices v 2 and y are distinct. Moreover, v 2 does not lie in Y 1 , in turn a superset of I. Every edge of R must be incident with a vertex in {v 1 , v 2 }. It follows that every edge of R is incident with v 1 . We conclude that all edges of D are incident in G with a vertex in {u, v 1 }. Consequently, the cut ∂((X ∩ Y ) + v 1 is a 2-separation cut of G that does not cross C. The assertion holds in this case. We now arrive at the final case of the proof. By (5.7.2), Y 1 ⊂ I. In this case, D 1 and C do not cross. If v 2 and y are distinct then {v 1 , v 2 } constitute a 2-separation of G and D 1 is a 2-separation cut of G that does not cross C, whence the assertion holds. We may thus assume that v 2 = y. Let Z 1 := Y 1 − v 1 , let Z 2 := Y \ Y 1 (Figure 8 ). Figure 8 : The Case Y 1 ⊂ I
In the graph H 1 , the cut D 2 that has Z 1 + y as a shore is a tight cut associated with the 2-separation {v 1 , y}. Thus, D 2 is tight in G 11 . We have seen that b(G 11 ) = 1, therefore one of the two D 2 -contractions of G 11 is bipartite. The D 2 -contraction of G 11 that contains i is isomorphic to the D 2 -contraction of H 1 that contains y. We have seen that no nontrivial barrier of H 1 contains y. Thus, the D 2 -contraction of H 1 that contains y is not bipartite, whence the D 2 -contraction of G 11 that contains i is not bipartite. The above result is a simpler version of a more complete result which characterizes tight cuts in matching covered graph with two bricks, as explained below.
Let G be a matching covered graph with b(G) = 2. Let C := ∂(X) and D := ∂(Y ) be two crossing tight cuts of G, where |X ∩ Y | is odd. We say that C and D are essentially 2-separation cuts if G/(X ∪ Y ) and G/(X ∪ Y ) are both (possibly trivial) bipartite. Clearly, every 2-separation cut is an essentially 2-separation cut. The following result can be proved using the same ideas of the proof of the above theorem.
Theorem 5.8 Every tight cut of a matching covered graph with at most two bricks is either a barrier cut or is an essentially a 2-separation cut.
✷
